ON QUOTIENT MODULES OF H?(D"): ESSENTIAL NORMALITY AND
BOUNDARY REPRESENTATIONS

B. KRISHNA DAS, SUSHIL GORAI, AND JAYDEB SARKAR

ABSTRACT. Let D" be the open unit polydisc in C", n > 1, and let H?(D") be the Hardy
space over D™. For n > 3, we show that if § € H*>°(D") is an inner function, then the
n-tuple of commuting operators (C,,,...,C, ) on the Beurling type quotient module Qy is
not essentially normal, where

Qy = H*(D")/0H*(D") and C., = Po,M.,lo, (j=1,...,n).

Rudin’s quotient modules of H?(D?) are also shown to be not essentially normal. We prove
several results concerning boundary representations of C*-algebras corresponding to differ-
ent classes of quotient modules including doubly commuting quotient modules, homogenous
quotient modules and Clark type quotient modules.

1. INTRODUCTION

Let H?(D"), n > 1, denote the Hardy space of holomorphic functions on the unit polydisc
D" ={z=(21,...,20) €EC": || < 1,i=1,...,n}, that is,

HD") = {f =Y az* € 00" : |fI* = Y lawl® < oo},

kENn keNn
where N is the set of all natural numbers including 0, N* = {k = (k1,...,k,) : k; € N,j =
1,...,n} and 2% := 2" ... 25 Tt is well known that H?(D") is a reproducing kernel Hilbert

space corresponding to the Szego kernel

S(z,w) = ﬁ(l — zaw;) 7", (z,w e D")
i=1
and (M,,, ..., M,,) is a commuting tuple of isometries on H*(D"), where
(M., f)(w) = w; f(w) (f e H*(D"),weD"i=1,...,n).
We represent the n-tuple of multiplication operators (M,,,..., M, ) on H*(D") as a Hilbert
module over C[z]| := C|[zy, ..., z,] with the following module action:
Clz] x H*(D") = H*(D"), (p, f) = p(Me,,... . M.,)f.

With the above module action H?*(D") is called the Hardy module over C[z]. A closed
subspace S of H*(D") is called a submodule if M,,S C S for all i = 1,...,n, and a closed
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subspace Q of H2(D") is a quotient module if @+ (= H?(D")/Q) is a submodule. A quotient
module Q is said to be of Beurling type (cf. [12]) if

Q= Qy:= H*(D")/0H*(D") = H*(D") © 0 H*(D")
for some inner function § € H*(D") (that is, 6 is a bounded analytic function on D" and
|0| = 1 a.e. on the distinguished boundary T" of D"). We denote by Sy the submodule
OH?(D") of H*(D").
A quotient module Q of H?(D") is essentially normal (cf. [6]) if the commutator [C'2, C’Z%*]
is compact for all 1 <1¢,7 < n, where C’S is the compression of the shift M,, to Q, that is,

CZQZ = PQMzi|Q (z:l,,n)

We use the notation C,, when Q is clear from the context. We also denote by B(Q) and
C*(Q) the Banach algebra and the C*-algebra generated by {Ig,C,,}?, respectively. For
convenience in notation we put

B(Q) = B(C,,,...,C.,), and C*(Q) = C*(C,,,...,C.,).

It is well known that for an essentially normal quotient module Q of H*(D"), B(Q) is an
irreducible operator algebra and the C*-algebra C*(Q) contains all compact operators in
B(Q).

Essential normality of Hilbert modules is a much studied object in operator theory and
function theory. It establishes important connections between operator theory, algebraic
geometry, homology theory and complex analysis through the BDF theory [3]. Tt is well
known that any proper quotient module of H*(ID) is of Beurling-type and essentially normal.
This, however, does not hold in general:

(1) For n = 2 a Beurling type quotient module Qy C H?(ID?) is essentially normal if and
only if # is a rational inner function of degree at most (1, 1) [12].

(2) For n > 2, a quotient module Q is a Beurling type quotient module of H?(D") if and
only if Q1 is a doubly commuting submodule [18].

An incomplete list of references on the study of essential normality of different classes quotient
modules, including Clark type quotient modules and homogeneous quotient modules, over
bidisc is: [6], [7], [11], [12], [13] and [19].

In this paper we first investigate the essential normality of certain classes of quotient mod-
ules including Beurling-type quotient modules of H?(D"), n > 3. We prove that the Beurling
type quotient modules of H*(D") (n > 3) and Rudin quotient modules of H?(D?) are not
essentially normal. We obtain a complete characterization for essential normality of doubly
commuting quotient modules of an analytic Hilbert module (defined in Section 2) over C|z] in-
cluding H*(D") and the weighted Bergman modules L? ,(D") (a € Z",0; > —=1,i=1,...,n)
as special cases (n > 2).

We also study boundary representations, in the sense of Arveson ([1], [2]), of the C*-
algebra C*(Q) for different classes of quotient modules Q of H*(D"). Before we describe
them, let us recall the notion of boundary representations and some relevant results. Let A
be an operator algebra with identity, and let C*(A) be the C*-algebra generated by A. An
irreducible representation w of C*(A) is a boundary representation relative to A if w|, has a
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unique completely positive (CP) extension to C*(A). An operator algebra A has sufficiently
many boundary representations if

ﬂ kerw = {0},

webdy (A)

where bdy(A) denotes the set of all boundary representations of C*(A) relative to A. It
is worth mentioning here that, by a recent work of Davidson and Kenedy ([9]), the Silov
boundary ideal of A (in the sense of Arveson [1]) is Nyebay(a) kerw. It is of great interest
and importance to identify operator algebras with sufficiently many boundary representa-
tions. In the particular case of irreducible operator algebras containing compact operators,
the existence of sufficiently many boundary representations and the fact that the identity
representation is a boundary representation are closely related.

THEOREM 1.1 ([2]). Let A be an irreducible operator algebra with identity, and let C*(A)
contain all the compact operators. Then A has sufficiently many boundary representations if
and only if the identity representation of C*(A) is a boundary representation relative to A.

In our context, if Q is an essentially normal quotient module of H?(D") then B(Q) is
irreducible and C*(Q) contains all the compact operators on Q. Therefore, it is natural to
ask whether the identity representation of C*(Q) is a boundary representation relative to
B(Q) for the case when Q is an essentially normal quotient module of H?(ID"). This problem
has a complete solution for the case n = 1 (see Arveson [1],[2]):

THEOREM 1.2 (Arveson). Let Qy be a quotient module of H*(D). Then the identity represen-
tation of C*(Qy) 1s a boundary representation relative to B(Qy) if and only if Zy is a proper
subset of T, where Zy consists of all points X on T for which 6 cannot be continued analytically
from D to \.

For the class of essentially normal Beurling type quotient modules of H?(D?), the following
characterization was obtained in [12].

THEOREM 1.3 (Guo and Wang). Let § € H>(D?) be a rational inner function of degree at
most (1,1), and Qp be the corresponding essentially normal quotient module of H*(D?). Then
the identity representation of C*(Qy) is a boundary representation relative to B(Qp) if and
only if 8 is not a one variable Blaschke factor.

In this paper, we study the same problem for several classes of quotient modules of some
Hilbert modules over D™, n > 2. To be more precise, we study boundary representations
for doubly commuting quotient modules of an analytic Hilbert module over C[z], and obtain
some direct results for the case of H*(D") and L?(D") (n > 2) (see Theorems 4.4 and 4.5).
We also considered the class of Clark type (denoted by Q,) quotient modules of H?(D") and
homogeneous quotient modules of H?(D?).

The paper is organized as follows. After obtaining some preliminary results in Section
2, we consider essential normality of Beurling type quotient module of H*(D") (n > 3),
doubly commuting quotients modules of an analytic Hilbert module over C[z] and Rudin
quotient module of H?(D?) in Section 3. Section 4 is devoted to the study of boundary
representations for doubly commuting quotient modules. In Section 5 and 6, we discuss
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boundary representations for Clark type (denoted by Q,) quotient modules of H*(D") and
homogeneous quotient modules of H?(ID?), respectively.

2. PREPARATORY RESULTS

In this section we recall some definitions, and prove some elementary results which will be
used later. For each w € D", the normalized kernel function K, of H*(D") is defined by

1
Ky(z) = H\/ (1 — |w;]?) (z€D"),
[ISC,w)] )|| 1—wiz
where S(-,w)(z) = S(z,w) for all z € D".
LEMMA 2.1. Let | € {1,...,n} be a fized integer, and let w; = (w1, ..., W_1, W1, .., Wy)

be a fized point in D"~'. Then K, w) converges weakly to 0 as w approaches to 0D, where
(wla U)) = (wh s W1, Wy, Wit 1, - - - 7wn)'

Proof. For each p € C[z],

(2.1) (K (uy), D) = p(wy, w) /T — Jw]? H V1= |wi?,

=117l
which converges to zero as w approaches to dD. For an arbitrary f € H?(D"), the result now
follows from the fact that ||Ky|| =1 for all A € D" and C|z] is dense in H?(D"). O

For a closed subspace S of a Hilbert space H, the orthogonal projection of H onto S is
denoted by Ps. For an inner function § € H>*(D"), it is well known that

Pge = M@Mg and PQe = IH2(]D)n) — MQMQ*,

where My is the multiplication operator defined by

(Mof)(w) = O(w)f(w)  (w€D", feHD")).
It follows from the reproducing property of the Szego kernel that
where K (-, w) := K, w € D". In particular, one has

Pge (K ) M9M9 (9( )(9 (’LU S Dn)
These observations yield the following lemma.
LEMMA 2.2. Let 0 be an inner function in H*(D"™). Then

(2.2) Po,(Kw) = (1 - (w)0) K, (w e D").

We now recall the definition of an analytic Hilbert module over C[z] (see [4]). Let k :
D x D — C be a positive definite function such that k(z,w) is analytic in z and anti-analytic
in w. Let Hy C O(D,C) be the corresponding reproducing kernel Hilbert space. The Hilbert
space Hy, is said to be reproducing kernel Hilbert module over C|z] if the multiplication operator
M, is bounded on Hy,.
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DEFINITION 2.3. A reproducing kernel Hilbert module H;, over C|[z] is said to be an analytic
Hilbert module over C[z] if £7!(z,w) is a polynomial in z and w.

Typical examples of analytic Hilbert modules are the Hardy module H?(D) and the weighted
Bergman modules L] (D) (a > —1,« € Z). It is known that a quotient module of an analytic
Hilbert module is irreducible, that is, C, does not have any non-trivial reducing subspace (cf.
Theorem 3.3 and Lemma 3.4 in [4]). Using this, we obtain the next lemma.

LEMMA 2.4. Let Q be a non-zero quotient module of an analytic Hilbert module H over C|[z].
Then [C.,C%] = 0 if and only if Q is one dimensional.

Proof. First note that for any non-zero quotient module Q of H, the C*-algebra C*(Q) is

irreducible. If C, is normal, then C*(Q) C C*(Q)" = CI. Thus C*(Q) = CI, and therefore,
Q is one dimensional. The converse part is trivial, and the proof follows. O

Let {k;}, be positive definite functions on . Then Hx := Hy, ® «-- ® Hy, is said to
be an analytic Hilbert module over C[z] if Hy, is an analytic Hilbert module over C[z] for all
i=1,...,n. In this case, Hx C O(D",C) and

K(z,w) = Hki(zi,wi) (z,weD"),
i=1

is the reproducing kernel function of Hy (cf. [4]). In the sequel, we will often identify M.,
on Hy with the operator Iy, ®---® M, ®---®Iy, ,i=1,...,n,on the n-fold Hilbert

i-th place
space tensor product Hy, ®---®@Hy, . We end this section with a result on essential normality
of a Beurling type quotient module Qy, where # is a one variable inner function in D".

LEMMA 2.5. Let § € H*(D") be a one variable inner function and n > 3. Then Qy is not
essentially normal.

Proof. Without loss of generality we may assume that 0(z) = €'(z;) for some inner function
¢’ € H*(D). Then it follows that Sp = Sy ® H*(D"!) and

Qp = H*(D") © 0H*(D") = Qp ® H*(D" ).
Now we compute the self commutator of C',:
[0227 C:g] - PQeMz2Mz*2|Qe - PQGMZ*QPQGMZ2|Q6
= PQGMZZM:2|Q9 - IQG + PQeM;PSeMZz'Qe'
Using the fact
Ps,M.,| 0, ecem2m2) = (Ps, @ Im2m) ® Ig2mn-2))Mz,| 0, ecemmn-2) = 0,
and
M} | o, ecor2@n—2) =0,
we conclude that

[Cess CLllo, ecemzmn—2) = —Ig,|o,econ?mn-2) = —Ilo,ecom?mn-2)-
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Since n > 3, [C.,, C},]|o, sceH2mn—2) is not compact, and hence the commutator [C.,, C} | is

not compact. This completes the proof. O

3. ESSENTIAL NORMALITY

Our purpose in this section is to prove a list of results concerning essential normality for

certain classes of quotient modules. We begin with the class of Beurling type quotient modules
of H*(D"), n > 3.

THEOREM 3.1. Let 0 be an inner function in H>*(D") and n > 3. Then Qy is not essentially
normal.

Proof. By Lemma 2.5, we may assume without loss of generality that § depends on both z;
and 2, variables. We now show that [C.,, C} ] is not compact. To see this, we compute

C, C%) = Poy M, M | o, — Po, M, Po, M., |o, = Po, M, Ps,M.,|o,
= Po, M, Psyo(2185+2080) Mt |y + Pay M, Py 554205, Mz, 0, -
Since M, and M., are isometries, we have
Po,M: Pos, =0 (i=1,2).
This implies
Po, M, P, 54205, Mz |0y = 0,
and
[C-1, O] = Poy M, Psyo(218e+250) Mz |0y
On the other hand, since Sy = §H?*(D"), we have

Sy © (218p + 28y) = OH*(D") © O(2, H*(D™) + zH*(D"™))
=0(C®Ce H*(D"?)),

and therefore,
M, (Sp © (2185 + 22Sp)) C Q.
Consequently,
[0217 C,:Q] = M;2P596(z139+3239)M21 |Qe'

By Lemma 2.1, it is enough to show that ([C.,, C}, | Ky, Ky) does not converge to 0 as w
approaches to dD for some fixed 3 < j < n, and keeping all other co-ordinates of w =

(wi, ... wj—1,W;, Wjt1,...,w,) € D" fixed. To this end, let w € D™. Since {025 --- 2" :
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ms, ..., m, € N} is an orthonormal basis of Sy & (21Sp + 22Sy), we have

P399(2159+2259)(32Kw) = Z (290K, 0257 - 2")023% - - 2
= 3 (K2 (ME0))025"

:;9 Z (W323)™ ... (Wnzn)™™ Mz, 0(w)

Sewl’, 2
= M500w) [J0— o) (T] K )

Thus
<[OZ17 O* }K K. > <M PS@6(2159+2259)M21PQGK107 K. >
= <MZ1 PQeKw’ P399(2159+2239)(22K ))

= (V50 (w) [T = ) <MZ1PQeKw,HK 0)
j=1 =3
2 n
O (w) [T = ) (M (1 = 0w)0) Ko, T Ko,
j=1 i=3

where the last equality follows from (2.2). Since M} (J]i 3 Ku,) = 0 and MMy = Iy (pn),

we have

n

(M., 0K, ﬁ Ku0) = (0M:, Ky, ﬁ Ko 8) = (Ko, M2, ([ Ko) ) = 0.
=3 1=3

i=3
Therefore,

(1Cer. L) Ko o) = DI 0) () [0~ oy )2 (M K [T K
= O3 [0 = sy s ] KO0

= D) [J0 - feif)? (V0w - 1 il L i |1u‘|2>5>

J=1

= (MZ,0)(w) H (1= Juy ).
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Since 6 depends on both 2; and 2, variables, M} 6 and M 6 are non-zero functions. Therefore
it follows that there exists an [ € {3,...,n} such that the limit of

2

(Mz,0)(w) (Mz,6)(w) [ T(1 = Jwyl?)

j=1

as w; approaches to JD and keeping all other coordinates of w fixed, is a non-zero number.
This completes the proof. O

We now proceed to the case of doubly commuting quotient modules of an analytic Hilbert
module over C|[z]. Let Q be a quotient module of an analytic Hilbert module Hy over Clz].
It is known that Q is doubly commuting (that is, [C%,, C7 ] =0 for all 1 <i < j < n) if and
only if @ = Q; ® --- ® Q,, for some quotient module Q; of Hy,, i =1,...,n (see [4], [15] and
[17]).

THEOREM 3.2. Let Q = Q1 ®---® 9, be a doubly commuting quotient module of an analytic
Hilbert module Hyx = Hy, @ - - - @ Hy, over C[z], n > 2. Then Q is essentially normal if and
only if one of the following holds:
(i) Q is finite dimensional.
(ii) There exits ani € {1,...,n} such that Q; is an infinite dimensional essentially normal
quotient module of Hy,, and Q; = C for all j # 1.

Proof. Let Q = Q1 ®---® Q,, be an infinite dimensional essentially normal quotient module.

Then at least one of Qq, ..., Q, is infinite dimensional. Without loss of generality we assume
that Q,, is infinite dimensional. For each i = 1,...,n, we now compute the self-commutator:
C,, O] = PoM. M |o — PoM; PoM. |o
(33) = PQl - ®PQ2'—1 & [CZJC:]i®PQi+1 ®®PQn7
———
i-th place

where [C,,C?*]; is the self-commutator corresponding to the quotient module Q;. Since Q,
is infinite dimensional, the compactness of [C.,, C7 ] implies that [C.,C}]; = 0 for all i =
1,...,n — 1. Therefore, by Lemma 2.4, it follows that Q; = C,¢=1,...,n — 1.

Finally, for ¢ = n, the compactness of [C.,,C} | = Pg, ® --- ® Pg,_, ® [C., C}], implies that
[C., C%],, is compact, that is, Q,, is essentially normal.

For the converse, it is enough to show that (ii) implies Q is essentially normal. Again, with-
out loss of generality, we assume that Q,, is infinite dimensional essentially normal quotient
module. Then it readily follows from (3.3) that [C,,,C; ]| =0,i=1,...,n—1,and [C,,,C} ]
is compact. Now the proof follows from Fuglede-Putnam theorem. O

The above result applies, in particular, if Hx is the H*(D") or the weighted Bergman
modules L7 ,(D") (a € Z",o; > —1,i = 1,...,n). Moreover, since every quotient module of
H?(D) is essentially normal, by Theorem 3.2 we have the following corollary.

COROLLARY 3.3. Let Q = Q1 ®---® Q,, be a doubly commuting quotient module of HQ(]D”),
n > 2. Then Q is essentially normal if and only if one of the following holds:
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(i) Q is finite dimensional.
(ii) There exits ani € {1,...,n} such that Q; is infinite dimensional, and Q; = C for all
J# i
It is also well known that a quotient module Q of the Bergman module L?(DD) is essentially
normal if and only if
dim(S 6 z8) < oo,

where S := L2(D) © Q is the corresponding submodule (see [20, Theorem 3.1]). Using this
and Theorem 3.2, we have the following result.

COROLLARY 3.4. Let Q = Q1 ®---® Q,, be a doubly commuting quotient module of Lz(]D)"),
n > 2. Then Q is essentially normal if and only if one of the following holds:
(i) Q is finite dimensional.
(ii) There exists ani € {1,...,n} such that Q; is infinite dimensional with dim(S;©zS;) <
oo and Q; = C for all j # i, where S; = L2(D) © Q,.

We now restrict our attention to H?(ID?), and formulate the definition of the Rudin quotient,
module of H?(D?) (see [5], [8]). Let ¥ = {1,}°°, C H*(D) be an increasing sequence of finite
Blaschke products and ® = {,,}°2, C H?(D) be a decreasing sequence of Blaschke products,
that is, ¥,11/¢, and ¢, /@,+1 are non-constant inner functions for all n € N. Then the Rudin
quotient module corresponding to ¥ and ® is denoted by Qy &, and defined by

Quao =\ (Q. ®Q,,).
n=0
We denote by Sy e the submodule H*(D?) & Qg ¢ corresponding to Qg ¢. The following
representations of Qg ¢ and Sy ¢ are very useful (see [5]):

(34) Quao=EP(Qu © Q) ©Qp, and Syo = Q' ® H (D) (Qy, © Qy, ) ® S,

n>0 n>0

where Qy , := {0} and Q' = H*(D) & V,;,50Qy, -
Next we show that the Rudin quotient modules are not essentially normal.

THEOREM 3.5. Let Qy ¢ be a Rudin quotient module of H*(D?) corresponding to an increasing
sequence of finite Blaschke products U = {1, }n>0 and a decreasing sequence of Blaschke
products ® = {@,}n>0. Then Qo is not essentially normal.

Proof. Let bg, the Blaschke factor corresponding to 5 € D, be a factor of 1,41/, for some
m > 0. For contradiction, we assume that Qy ¢ is essentially normal. Then, as 1, is a finite
Blaschke product, [Cy,,(z), Cy, (., is compact, where Cy,, () = PoMy,,(-)|0 and Q := Qu o.
Now setting S := Sy, we have

[Cp(z1)) (o)) = PaMy,, )My, ol — PoMy, .\ PoMy,, (1)l
= —Po(I — My,, ..y My, .1))|a + PoMy, .\ PsMy,, 1)l
(3.5) = —Po(Pg,, ®I)lg+ PoMj, (.. \PsMy,()lo-
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Since ¢,,+1 is an infinite Blaschke product, there exists a sequence {\;} C D such that
K,, € Q,,.., and \; approaches to dD as i — oo. Furthermore, since K3 ® K, € Q and
¢mKﬁ®KAi - (me+1 o me)(@ Q%’m-&-l’ we have PS(@DmKB@K)\Z) = 0, Z = 1, ooy (by (34))
Thus

Po M, (o) Ps My, o) (K © K),) = 0.

Finally, from (3.5), we have
([Cop(e1)s O (o)) (K @ K,), K @ Ky,) = —((Po,,, K3) ® Ky, K ® K),)
= —((1 = ¥Yn(B)¥m) Kp, Kg)

= —(1 = [¥n(B)P),
which does not converges to 0 as \; approaches to 0ID. This completes the proof. 0

REMARK 3.6. Let m > 1. For a decreasing Blaschke products {¢,}n", and an increasing
finite Blaschke products {1y}, we consider the quotient module

Q=\/9,®9,,.
n=1

Adapting the techniques in the proof of the above theorem, one can conclude that Q is essen-
tially normal if and only if @, is finite Blaschke products for alln = 1,... m. In other words,
Q is essentially normal if and only if Q is finite dimensional.

4. BOUNDARY REPRESENTATIONS FOR DOUBLY COMMUTING QUOTIENT MODULES

In this section we study boundary representations for doubly commuting quotient modules
of an analytic Hilbert module over C[z]|. First, we prove a general result in the setting of
minimal tensor products of C*-algebras. Before that we fix some notations. We denote by
Vi®Vs the algebraic tensor product of two vector spaces V; and Vs, and by A; ® A, the
minimal tensor product of two C*-algebras A; and As.

THEOREM 4.1. Let A; be a unital subalgebra of B(H;) for some Hilbert space H;, and let
C*(A;) be the irreducible C*-algebra generated by A; in B(H;), i = 1,2. Set A := (A1®As),
the norm closure of A1®@As in B(H1 ® Hs). Then the following are equivalent.

(1) The identity representation of C*(A;) ® C*(As) is a boundary representation relative

to A.
(ii) The identity representation of C*(A;) is a boundary representation relative to A; for
all i =1,2.

Proof. Suppose (i) holds, and for contradiction, we assume that the identity representation
of C*(A;) is not a boundary representation relative to A;. Then there exists a CP map
7: C*(Ay) — B(H:) different from ide=(4,), but 7 = ide«(4,) on A;. Then the CP map

T idC*(Az) : C*(Al) & C*<A2) — B(Hl X Hz),

is a CP extension of the map ide«(a,)ac+(4z) |4 to C*(A1) ® C*(Az), and 7 ® idew(ay) #
idc+(4;)@C(4,)- This is a contradiction.
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On the other hand, suppose that (ii) holds. It follows from [1, Theorem 2.2.7] that the identity
representation of C*(A;)®C*(Az) is a boundary representation relative to the linear subspace

CI® C*(Ay)\/ C*(A) @ CI.

Thus it is enough to show that any CP extension 7 : C*(A;) ® C*(A43) — B(Hi ® Hsz) of
ides(a)@0*(4,) |4 agrees with ide«(a,)ec#(a,) on the subspace CI @ C*(A;)\ C*(A4;) ® CI,
that is,

7'(] X TQ) =1 (29 T2 and T(Tl X ]) = T1 X I (Tl € C*(A1)7T2 € O*(AQ))
To this end, for h € Hy, let wpy be the positive linear functional on B(H;) defined by
T — (Th,h), and

(wh7h® ldB(Hg)) ot :(C” (Al) X C*(AQ) — B(%Q)

be the corresponding CP map. By identifying CI ® C*(As) with C*(A,), one sees that the
CP map (whr®idg(,)) © Tlciec+(ay) is an extension of wy ,(I)ides(a,) |4,- Then, by the
assumption, we have

(Wh,h®id3(7.[2)) O T(I X T) = <h, h)T = wh,h® ldc*(A2)<] X T) (T € C*(Ag))

By linearity, the above equality is also true for any linear functional wy, , on B(H,) for h, k €
H,. Therefore

T = idC*(A1)®C*(A2) on CI ® C*(AQ)

Similarly, by considering linear functionals on B(Hs) and repeating the above arguments, we
have that

7 = ide+(a@ce(42) o0 C7 (A1) ® CI.
This completes the proof. ([l

REMARK 4.2. The above result can be easily generalized for finite number of irreducible gen-
erating C*-algebras corresponding to unital subalgebras.

As a straightforward consequence of Remark 4.2 we obtain the following:

THEOREM 4.3. Let Q = Q1 ®---® Q, be a doubly commuting quotient module of an analytic
Hilbert module H = Hg, ® - -+ @ Hg, over C[z]. Then the following are equivalent.

(i) The identity representation of C*(Q) is a boundary representation relative to B(Q).
(ii) The identity representation of C*(Q;) is a boundary representation relative to B(Q;)
foralli=1,... ,n.

Proof. The result follows from Remark 4.2 and the fact that
CH(Q)=C"(Q1) @ ®C(Qn),

and

B(Q) = B(Q)@---©B(Qn),
where the closure is in the norm topology of B(Q). O

The following result is now an immediate consequence of Theorems 1.2 and 4.3.
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THEOREM 4.4. Let Q = Qy, @ -+ ® Qp, be a doubly commuting quotient module of H?*(D"),
where 0;, 1 =1,...,n, is a one variable inner function. Then the following are equivalent.

(i) The identity representation of C*(Q) is a boundary representation relative to B(Q).
(ii) The identity representation of C*(Qy,) is a boundary representation relative to B(Qy,)
foralli=1,... n.
(i) For alli=1,...,n, Zy, is a proper subset of T, where Zy, consists of all points X\ on
T for which 0; cannot be continued analytically from D to A.

Now we turn to the case of the Bergman module L?(D"). For n = 1, boundary representa-
tions corresponding to a quotient module of L?(ID) are studied in [14]. For a submodule S of
L2(D), set

Z.(S) = ﬂ Z.(f),
fes
where

Z(f)={xeD: f(A)=0}U{reT: }glg)lzil_l}f)\|f(z)‘ =0}.
It is easy to see that for a finite dimensional quotient module Q of L2(D), the identity
representation of C*(Q) is always a boundary representation relative to B(Q). On the other
hand, for an infinite dimensional Q, the identity representation of C*(Q) is a boundary
representation relative to B(Q) if and only if dim(S & 28) = 1 and Z,.(S) is a proper subset
of T, where § = LZ(D) & Q is the corresponding submodule (see [14, Theorem 1.2]). Using
this and Theorem 4.3, we have the following result.

THEOREM 4.5. Let Q = Q1 ® -+ ® Q,, be a doubly commuting quotient module of L?(D").
Then the following are equivalent.

(i) The identity representation of C*(Q) is a boundary representation relative to B(Q).
(ii) The identity representation of C*(Q;) is a boundary representation relative to B(Q;)
foralli=1,... n.
(iii) If Q; (1 < i < n) is infinite dimensional then dim(S;©2S;) =1 and Z.(S;) is a proper
subset of T, where S; = L2(D) © Q; is the corresponding submodule.

5. BOUNDARY REPRESENTATIONS FOR Qn-TYPE QUOTIENT MODULES

In this section we study boundary representations for a special class of essentially normal
quotient modules of H*(D"). If Q is an essentially normal quotient module of H*(D") we
denote by o.(Q) the essential joint spectrum of (C,,,...,C, ). The following lemma is a
standard application of Arveson’s theory on boundary representations [1, 2|.

LEMMA 5.1. Let Q be an essentially normal quotient module of H*(D").

(a) If there exists a matriz-valued polynomial p such that

Ip(Csys -, C) > lp

then the identity representation of C*(Q) is a boundary representation relative to

B(Q).

ou(Q)
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(b) If the commuting tuple (C,,, ..., C,,) has a normal dilation on o.(Q), then the identity
representation of C*(Q) is not a boundary representation relative to B(Q).

Proof. a) Since Q is essentially normal, we have the following extension
0— K(Q) — C*(Q) — C(0.(Q)) — 0.
If there exists a matrix-valued polynomial p such that

Hp(Cz1> SRR CZn)H > Hp Z(Q)’

then the restriction of the canonical contractive homomorphism
q:C"(Q) = C*(Q)/K(Q) = C(0:(Q))

to B(Q) is not a complete isometry. The desired conclusion now follows from [2, Theorem
2.1.1).

(b) The existence of a normal dilation implies that the above completely contractive map
q restricted to the linear span of B(Q) U B(Q)* is a complete isometry. Then the conclusion
again follows from [2, Theorem 2.1.1]. O

We now define a Q,-type quotient module of H*(D"). Let {n;}7_, € H>(ID) be one variable
inner functions. Notice that n;, defined by
ni(z) ==n(z)  (z€D"),
is a one variable (in z;) inner function on D", j = 1,...,n. Let S, be the submodule of
H?(D") generated by {n;_1 —n;}}_,, that is,

Sg =Span{n. — M2, M2 — M3, -, Mn—1 — M }-
Let Q, be the corresponding quotient module of S,,, that is,
Qn =Sy = H*(D")/S,.
Set
Va={2€D":m(z1) = =ma(za)},
and
OV ={2z€dD" :m(z1) =+ =nn(2n)}
The zero sets associated to S,, are defined by
Z(Sy) ={zeD": f(z) =0, forall feS,},
and
Zy(Sy) = {z € oD" : klim z, = z for some {z} C Z(Sn)}.
— 00
Then it easily follows from the definition that
Z(Sy) = Vi, and Zy(Sy) = 0Vy.

The following characterization of essentially normal Q,-type quotient modules is due to
Clark [7] and Wang [19].

THEOREM 5.2. A quotient module Q,, is essentially normal if and only if n; is a finite Blaschke
product for alli=1,...,n.
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We now present a lemma that relates the essential spectrum of @, to the boundary of V,,.
LEMMA 5.3. If Q, is an essentially normal quotient module of H*(D"), then
0e(Qp) = OVjy.

Proof. By Theorem 5.2 we have that n;, ¢ = 1,...,n, is a finite Blaschke product. Hence,
together with [13, Theorem 6.1], we get

Z5(Sn) = 0V C 0(Qp).

On the other hand, by Theorems 5.1 and 7.1 in [7], (C,,, ..., C},) on Q, is unitarily equivalent
to the co-ordinate multiplication operators (M.,,, ..., M,,) on A*>"2(V,)), and

oe(M.,) C T.
Thus
0e(Qn) € T".
As m; is a z-variable finite Blaschke product, for all j =1,...,n, it follows that

(1i(2) =i (2))(Csy, -, O, ) = 0,
forall: =1,...,n — 1. By spectral mapping theorem, it follows that

ni(z) = Mi+1(2) (2 € 0c(Qn)),
foreach i =1,...,n — 1. Thus
0.(Qy) CT" NV, =0V,
which completes the proof. O

We are now ready to prove the main result of this section concerning boundary represen-
tations of Q,-type quotient modules.

THEOREM 5.4. If Q, is an essentially normal quotient module of H*(D™), then the identity
representation of C*(Qy,) is not a boundary representation relative to B(Q,).

Proof. By virtue of Lemmas 5.1 and 5.3 it suffices to prove that the tuple (C.,,...,C.,)
has a normal dilation on dV;,. Note again that, according to [7, Theorem 5.1], the tuple
(C,,,...,C,) is unitary equivalent to the n-tuple of multiplication operators (M,,,..., M, )
on A*"~2(V,). Now on account of the appendix of this article, there exists a measure p on
Vi such that

A272(Vy) € L2(dp).
Consequently (M.,,,..., M, ) has a normal dilation on V,,. Since dV,, is the Shilov boundary
of Vi), (C,,...,C,,) has a normal dilation on 0V;,. This completes the proof. O

The above result will be used in the proof of the main result, Theorem 6.3, in Section 6,
on boundary representations of homogeneous quotient modules of H?(D?).
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6. BOUNDARY REPRESENTATIONS FOR HOMOGENEOUS QUOTIENT MODULES

The purpose of this section is to investigate boundary representations for homogeneous
quotient modules of H?(D?). First we recall a characterization of homogeneous polynomial in
Clz1, 2] (see [13]). Given a homogeneous polynomial p € C|zy, 25 there exist homogeneous
polynomials p1, ps € C[z1, 2], unique up to a scalar multiple of modulus one, such that

D = p1p2,

and
Z(p)NoD* C T? and Z(po) NOD* C (D x T)U (T x D).

Let [p] denote the submodule of H*(D?) generated by p. Suppose that Q, is the corresponding
quotient module of H?(D?), that is,

Q, = H*(D?)/[p].
The following characterization of essential normality of Q, is due to Guo and Wang [13].

THEOREM 6.1. Let p be a non-zero homogeneous polynomial in Cz1, 23|, and p = pips be the
factorization of p as above. Then the quotient module Q,, is essentially normal if and only if
p2 has one of the following forms:

(i) p2 = ¢ with ¢ # 0,

(il) po = az1 + Bze with |a] # |B],
(iii) po = c(21 — aze) (22 — Bz1) with |a| < 1,]8] < 1 and ¢ # 0.

The following result in [13] gives a description of the essential joint spectrum of the above
type of quotient modules. For a proof we refer to the reader to [13, Theorem 6.2].

LEMMA 6.2 (Guo & Wang, [13]). Let p be a homogeneous polynomial. Then 0.(Q,) = Z(p)N
oD? = Z(p) N T=.

For our present purposes, however, we need only the fact that o.(Q,) C Z(p).
We now state our main result of this section. This gives a characterization for the identity
representation to be a boundary representation.

THEOREM 6.3. Let p € C[z, 25] be a homogeneous polynomial. Suppose that Q, is an es-
sentially normal quotient module of H*(D?). Then the identity representation of C*(Q,) is a
boundary representation relative to B(Q,) if and only if p is not of the following form:

(i) p = c(2]" — azd) for some m € N, ¢ # 0 and |a| =1,

(i) p = az + Bz with |af # |5].

Our proof of Theorem 6.3 on boundary representations for homogeneous quotient modules
is based on the following two special cases. A couple of lemmas below describes these.

LEMMA 6.4. Let p = c[[}2,(21 — a;22)™ be a homogeneous polynomial with ¢ # 0 and «;’s
are distinct scalars of modulus one. Assume further that n; > 1 for somei=1,...,m. Then
the identity representation of C*(Q,) is a boundary representation relative to B(Q,).
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Proof. Without loss of any generality assume that n; > 1. Set
m
q:= (21— a129) H(zl — a;z9)".
i=2
Then ¢(C%,, C.,) is a non-zero operator and ||¢||%,, = 0, and hence, according to part (a) of
Lemma 5.1, the identity representation of C*(Q,) is a boundary representation relative to

B(Q,). OJ

LEMMA 6.5. Let p = c¢(z1 — azs), for some a € C with |a| # 1. Then the identity represen-
tation of C*(Q,) is not a boundary representation relative to B(Q,).

Proof. Let a = 0. Then Q, is unitarily equivalent to H?(D) and hence the conclusion follows
easily. Now let o # 0. Then

1
_Cz = Cz )
a A 2

and hence C*(Q,) is generated by C,,. Now assume that |o| > 1 (the |a| < 1 case is similar).
Set 5 = ﬁ and

a= (3IBP2 (neN)

It follows that the sequence of homogeneous polynomials {p,,} is an orthonormal basis for Q,
[10], where

1 n
pm s A e

Moreover (again see [10])

n

Car(p) = Poy (= S 2P+ (Bz)™™)

Cn

m=0
1 - m+1 n—m
= c—<pn+1, 2" (B22) ) Pn+
" m=0
Cn
= Pn+1,
Cnt1
for all n > 0, that is, C, is a weighted shift with weights {CCL }n>o- Finally, since limsup,, o =
sup,, ;£-, the result follows from 2, Corollary 2]. O

We are now in a position to give a proof of Theorem 6.3.

Proof of Theorem 6.3. If p = (2" — azy"), then Q, is of the form Q,,, where 7, = 2™ and
ne = az™. Now it follows from Theorem 5.4 that identity representation of C*(Q,) is not a
boundary representation relative to B(Q,,). Also if p = az;+ 22, then the required conclusion
follows from Lemma 6.5.
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For the necessary part, we fist note that, since Q,, is essentially normal, p can be represented
as one of those three representations as in Theorem 6.1. Now by Lemma 6.4, is it enough to
consider the case p = p1po, where

m
p1 = H(Z’l — a;2),

i=1
{a;}, are all distinct scalar of modulus one, and p, is as in Theorem 6.1. In view of the
forms of ps in Theorem 6.1, we next consider the following four cases.

Case |: Let po = ¢, p1 = [[12, (21 — ay22), {au}%, are all distinct scalar of modulus one, and

that p = p1ps is not of the form e(z* — azl?).
In this case we have m > 1. Set

0= — ([t - aiz2) = (<1 ([ La)ap)

Then

(6.6) q= i(-gk ( > . a) Pl

k=0 1< <<y <m
A simple calculation shows that

g Z(p)nome = 1-
On the other hand

-1

1a(Cuys Co) | = llallieey = 4|1+ >
k=1

E QO

1<ip < <ip<m

Now if

m—1

E Qg o Oy

1<i1 <<y <m

k=1
then (6.6) yields that

m
p1= H(z1 — qz9) = 2" — @z,
i=1
for some a of modulus one which is an obvious contradiction. Thus |¢(C,,,C.,)|| > 1,
and therefore, by Lemma 6.2 and Lemma 5.1, the identity representation is a boundary
representation in this case.
Case Il: Let po = (21 —v22), Y| # 1, p1 = [[[2, (21 — 2iz2) and {;}7, are distinct scalars
of modulus one. Also, without loss of generality, we may assume that |y| < 1. Otherwise,
by interchanging the role of z; and 25, we can consider that p, = (25 — %zl) and p; =

m 1 . .
I[2 (22 — a—izl). As in the previous case, set

m+1 m+1

¢=—(][ (1 = awz) = (=1)""! H a2,

z
L
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where a1 = 7. A similar computation shows that

g1 Zp)nom2 = 1,
and

l4(Cars C) 2 4|1+ )

k=1

E Q.. Oy

1<y < <ip<m+1

Therefore, if

m 2
Z Z Qg oo Oyy == O,
k=1 [1<i; < <ig<m+1
then
m+41
H (21 — ayzg) = 2" — it
i=1
for some scalar o with |a| # 1. Consequently
Jon] =+ = ata] = o] /05D £ 1,

which is a contradiction. Therefore ||¢(C.,,C.,)|| > 1, and the conclusion again follows from
Lemma 6.2 and Lemma 5.1.

Case lll: Let p = py = (21 — 1122)(21 — 7222), |11| < 1 and || > 1. Consider for each € > 0
qe := (21 — €7222) € Clzy, 22].
Set
Vi = {(7122, 22) € OD?: |25 = 1} and Vi = {(7222, 22) € OD? : |y220| = 1}.
Note that
Z(p)NoD* = V; U Vs,
and
lgellvy = In —enal,  lgellv; = (1 —e).
Therefore for a sufficiently small 0 < € < 1 we have

14el| Zpynome < 1.
On the other hand, for any 0 < e < 1

||q€(021702’2)“ > V I+ |€’72|2 > 17

and the conclusion again follows from Lemma 5.1.

Case IV: Let py = (21 —m122) (21 —222), |nl < 1, |2 > 1, p1 = [[2, (21 — iz2), and {oy }1",
are distinct scalars of modulus one. Set

Vi =A{(1122,22) €D : |2o| =1}, Vo, = {(1222, 22) € OD? : |ya20| = 1},

and
Vo, = {(izo,20) €OD? : |z| =1}, i=1,...,m.

Consider for € > 0
¢ = 29(27" — €q') € C|z1, 29),
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where
m
q/ = Z < Z 77 Oélk) z?ikzg.
k=1 \1<ii<-<ip<m
Note that
1
lgellv, < "l =M, gy, < I%! —eM,
and
||qe||§’/z =|(1-¢)], t=1,...,m,
where

1
M = max{|¢ (v, 1)], ‘d(%a 1)}
We now choose 0 < ¢ < 1 so that ||Qe||ozo(p)namz < 1. On the other hand, since [|¢¢(C%,, Cs,)|| >
lge|| > 1, the conclusion follows immediately. -

APPENDIX: A MEASURE ON V,

In this appendix we define A%"(V},) following D. Clark [7], and present an explicit Borel
measure « on V,, such that A*"(V,,) C L?*(«). In particular, therefore, A*™(V,,) is subnormal.
This important property was used in the proof of Theorem 5.4 in Section 5.

We first consider the holomorphic functions on the one dimensional variety V;, as given in
[7]. By definition, a function f is holomorphic in an analytic variety V' of a complex manifold
M if for every x € V, there is a neighborhood U, C M and a holomorphic function F' on U,
such that F|yny, = flvav,. In [7], Clark proved that a holomorphic function f on V,, can be
recovered in following sense: Define h on D"*! by

L m i (A —n5(z5))
Wi,z A) = ;ﬂbk(k)) H ((Bu () = 215 (B (N));)

where b(A), k =1,...,m, is a pre-image of A € D under the map
Qb : VQ — ﬁa ¢(217 <. 7Zn) - nl(zl)v

and (bg(A)); is the j-th coordinate of by (). Then (see Clark, Lemma 2.1 in [7]), as a function
of A\, h(z1,..., 2z,; A) extends to a holomorphic Q,, ® ... ® Q, -valued function in D, and

<

h(zt, .o znsm(21)) = (21,5 20),

for all (21,...,2,) € V.
We now proceed to construct the Hilbert space A%™(V},) of holomorphic functions on V,,
(see Clark [7]). Let f be a holomorphic function on V;,. Then

f(z1y.0oy2n) = ny(zl, oo zn)(m(21))Y,
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where f, € 9, ®...® Q,,,. For each 0 <r <1, set

f[r](zl7~”7 Zfl, Zlyesey (7’]1(21))”.

Now by the definition of h, we have

n i (21) — 1(%)
fin(z, .2 Zf (br(rm (21)) g (b (rm (20))); — )7, (b (rm (1))

for (z1,...,2,) € OV,,. Let A*™(V,)) denote the Hilbert space of all holomorphic functions f
on Vy, such that

1
1f12, = 2(n + 1) / gz o s 2 [B(L = r2)r dr < oo,
0

27 1/2
||f[7"”|2 = Sup (/ / |f[rs]<w17 s 7wn)|2duei9(w)d9) :
0<s<1 0

Here the measure du,» is a measure supported in the fibre over the point ¥ under the map
¢, that is,

where

prein (bi(e”)) = I ((be(€))1) - -0 (e (e™))a) |7

We can represent the norm of f as

IfI2, = 2(n+1 / / / (s - )2 (L = r2)dpo (1) dodr.

It follows from [7, Lemma 4.1] that the constant function 1 is in A>™(V},).

We can now define a measure p on V,, as

27
w(E) = 2(n+1 / | [t a0 = o2 s ) o

where xp is the characteristic function of the Borel set 2 C V,,. With this measure we obtain
that A*"(V,) C L*(«a).
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